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Can one walk across the 
seven bridges and never 

cross the same bridge 
twice?    
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THE BRIDGES OF KONIGSBERG

1735: Euler’s theorem:

(a) If a graph has more than two nodes of odd degree, there is no path. 

(b) If a graph is connected and has no odd degree nodes, it has at least one path.



Networks and graphs

Section 2



COMPONENTS OF A COMPLEX SYSTEM
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§ components: nodes, vertices N

§ interactions:  links, edges L

§ system:  network, graph (N,L)



A COMMON LANGUAGE
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N=4
L=4



The choice of the proper network representation determines our 
ability to use network theory successfully.

In some cases there is a unique, unambiguous representation. 
In other cases, the representation is by no means unique.

For example, the way we assign the links between a group of 
individuals will determine the nature of the question we can study.

CHOOSING A PROPER REPRESENTATION
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Question 2

Q2:	Degree,	degree	distribution.



Degree, Average Degree and Degree 
Distribution

Section 2.3



Node degree: the number of links connected to the node.
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In directed networks we can define an in-degree and out-degree. 

The (total) degree is the sum of in- and out-degree.

Source: a node with kin= 0; Sink: a node with kout= 0.
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A BIT OF STATISTICS
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DEGREE, AVERAGE DEGREE,
AND DEGREE DISTRIBUTION

SECTION 2.3

A key property of each node is its degree, representing the number of 
links it has to other nodes. The degree can represent the number of mobile 
phone contacts an individual has in the call graph (i.e. the number of dif-
ferent individuals the person has talked to), or the number of citations a 
research paper gets in the citation network. 

Degree

We denote with ki the degree of the ith node in the network. For exam-
ple, for the undirected networks shown in Figure 2.2 we have k1=2, k2=3, 
k3=2, k4=1. In an undirected network the total number of links, L, can be 
expressed as the sum of the node degrees: 

         
      .

Here the 1/2 factor corrects for the fact that in the sum (2.1) each link is 
counted twice. For example, the link connecting the nodes 2 and 4 in Figure 
2.2 will be counted once in the degree of node 1 and once in the degree of 
node 4. 

Average Degree

An important property of a network is its average degree (BOX 2.2), which 
for an undirected network is

         
    

In directed networks we distinguish between incoming degree, ki
in, rep-

resenting the number of links that point to node i, and outgoing degree,        
ki

out, representing the number of links that point from node i to other 
nodes. Finally, a node’s total degree, ki, is given by

         
    

For example, on the WWW the number of pages a given document 
points to represents its outgoing degree, kout, and the number of docu-
ments that point to it represents its incoming degree, kin. The total number 

GRAPH THEORY

(2.1)

(2.2)

(2.3)

BOX 2.2
BRIEF STATISTICS REVIEW

Four key quantities characterize 
a sample of N values x1, ... , xN : 

Average (mean):

The nth moment:

   
 

Standard deviation:
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N – the number of nodes in the graph
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Average Degree

NETWORK NODES LINKS N L kDIRECTED
UNDIRECTED
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Degree distribution
P(k): probability that a
randomly chosen node 

has degree k

Nk = # nodes with degree k

P(k) = Nk / N     ➔ plot

DEGREE DISTRIBUTION



DEGREE DISTRIBUTION

The degree distribution has taken a central role in net-
work theory following the discovery of scale-free networks 
(Barabási & Albert, 1999). Another reason for its impor-
tance is that the calculation of most network properties re-
quires us to know pk. For example, the average degree of a 
network can be written as

      

We will see in the coming chapters that the precise func-
tional form of pk determines many network phenomena, 
from network robustness to the spread of viruses.
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Image 2.4a
Degree distribution.

The degree distribution is defined as the pk = Nk /N ratio, where Nk denotes 
the number of k-degree nodes in a network. For the network in (a) we 
have N = 4 and p1 = 1/4 (one of the four nodes has degree k1 = 1), p2 = 
1/2 (two nodes have k3 = k4 = 2), and p3 = 1/4 (as k2 = 3). As we lack nodes 
with degree k > 3, pk = 0 for any k > 3. Panel (b) shows the degree distri-
bution of a one dimensional lattice. As each node has the same degree k = 
2, the degree distribution is a Kronecker’s delta function pk = H(k - 2).

Image 2.4b
  

In many real networks, the node degree can vary considerably. For exam-
ple, as the degree distribution (a) indicates, the degrees of the proteins in 
the protein interaction network shown in (b) vary between k=0 (isolated 
nodes) and k=92, which is the degree of the largest node, called a hub. 
There are also wide differences in the number of nodes with different 
degrees: as (a) shows, almost half of the nodes have degree one (i.e. 
p1=0.48), while there is only one copy of the biggest node, hence p92 = 1/
N=0.0005.  (c) The degree distribution is often shown on a so-called log-
log plot, in which we either plot log pk in function of log k, or, as we did in 
(c), we use logarithmic axes. 

DEGREE, AVERAGE DEGREE, AND DEGREE DISTRIBUTION | 29



Discrete Representation: pk is the probability that a node has degree k. 

Continuum Description:   p(k) is the pdf of the degrees, where

represents the probability that a node’s degree is between k1 and k2. 

Normalization condition:

where Kmin is the minimal degree in the network.
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Question 3

Q3:	Directed	vs.	undirected	networks.



Links: undirected (symmetrical) 

Graph:

Directed links :
URLs on the www
phone calls 
metabolic reactions
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UNDIRECTED VS. DIRECTED NETWORKS

Undirected Directed
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Links:  directed (arcs). 

Digraph = directed graph:

Undirected links :
coauthorship links
Actor network
protein interactions

An undirected 
link is the 
superposition of 
two opposite 
directed links.
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Section 2.2 Reference Networks
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Question 4

Q4:	Adjacency	Matrices



Adjacency matrix

Section 2.4



Aij=1 if there is a link between node i and j
Aij=0 if nodes i and j are not connected to each other.
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ADJACENCY MATRIX

Note that for a directed graph (right) the matrix is not symmetric.
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Aij = 0

if there is a link pointing from node j and i

if there is no link pointing from j to i.
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a    b c d e f g h

a 0    1    0    0    1    0    1    0

b 1    0    1    0    0    0    0    1

c 0    1    0    1    0    1    1    0

d 0    0    1    0    1    0    0    0

e 1    0    0    1    0    0    0    0

f 0    0    1    0    0    0    1    0

g 1    0    1    0    0    0    0    0

h 0    1    0    0    0    0    0    0

ADJACENCY MATRIX
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ADJACENCY MATRICES ARE SPARSE
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Question 5

Q5:	Sparseness



Real networks are sparse

Section 4



The maximum number of links a network 
of N nodes can have is:
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Lmax =
N
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⎟ = N(N −1)

2

A graph with degree L=Lmax is called a complete graph, 
and its average degree is <k>=N-1
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COMPLETE GRAPH



Most networks observed in real systems are sparse: 

L <<  Lmax
or

<k> <<N-1.  

WWW (ND Sample): N=325,729; L=1.4 106 Lmax=1012 <k>=4.51
Protein (S. Cerevisiae): N=    1,870; L=4,470 Lmax=107 <k>=2.39 
Coauthorship (Math): N=  70,975; L=2 105 Lmax=3 1010 <k>=3.9
Movie Actors: N=212,250; L=6 106 Lmax=1.8 1013 <k>=28.78

(Source: Albert, Barabasi, RMP2002)
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REAL NETWORKS ARE SPARSE



ADJACENCY MATRICES ARE SPARSE
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